We investigate the motion of test particles in the gravitational field of a static naked singularity generated by a mass distribution with quadrupole moment. We use the quadrupole-metric (q−metric) which is the simplest generalization of the Schwarzschild metric with a quadrupole parameter. We study the influence of the quadrupole on the motion of massive test particles and photons and show that the behavior of the geodesics can drastically depend on the values of the quadrupole parameter. In particular, we prove explicitly that the perihelion distance depends on the value of the quadrupole. Moreover, we show that an accretion disk on the equatorial plane of the quadrupole source can be either continuous or discrete, depending on the value of the quadrupole.
I. INTRODUCTION
The black hole uniqueness theorems state that in Einstein's general relativity theory the most general black hole solution in empty space is described by the Kerr metric [1] , which represents the exterior gravitational field of a rotating mass m with specific angular momentum a = J/m. In Boyer-Lindquist coordinates (t, r, θ, ϕ), a true curvature singularity is determined by the equation r 2 +a 2 cos 2 θ = 0 that corresponds to a ring singularity situated on the equatorial plane θ = π/2. The ring singularity is isolated from the exterior spacetime by an event horizon situated on a sphere of radius r h = m + √ m 2 − a 2 .
In the case that a 2 > m 2 , no event horizon exists and the ring singularity becomes naked. Different studies [2] [3] [4] show, however, that in realistic situations, where astrophysical objects are mostly surrounded by accretion disks, a Kerr naked singularity is an unstable configuration that rapidly decays into a Kerr black hole. Moreover, it now seems established that in generic situations a gravitational collapse cannot lead to the formation of a final configuration corresponding to a Kerr naked singularity. These results seem to indicate that rotating Kerr naked singularities cannot be very common objects in nature.
The above results seem to corroborate the validity of the cosmic censorship hypothesis [5] according to which a physically realistic gravitational collapse, which evolves from a regular initial state, can never lead to the formation of a naked singularity; that is, all singularities formed as the result of a realistic collapse should always be enclosed within an event horizon;
hence, the singularities are always invisible to observers situated outside the horizon. Many attempts have been made to prove this conjecture with the same mathematical rigor used to show the inevitability of singularities in general relativity [6] . No general proof has been formulated so far. Instead, particular scenarios of gravitational collapses have been investigated some of which indeed corroborate the correctness of the conjecture.
Nevertheless, other studies [7] indicate that under certain circumstances naked singularities can appear as the result of a realistic gravitational collapse. Indeed, it turns out that in the case of the collapse of an inhomogeneous matter distribution, there exists a critical degree of inhomogeneity below which black holes form. Naked singularities appear if the degree of inhomogeneity is higher than the critical value. The speed of the collapse and the shape of the collapsing object are also factors that play an important role in the determination of the final configuration. It turns out that naked singularities form more frequently if the collapse occurs very rapidly and if the object is not spherically symmetric.
In view of this situation it seems reasonable to investigate the effects of naked singularities on the surrounding spacetime. This is the main aim of the present work. We will study a naked singularity without black hole counterpart. In fact, we investigate the quadrupole metric (q−metric) which is the simplest generalization of the Schwarzschild metric containing a naked singularity. We will see that, starting from the Schwarzschild metric, the ZipoyVoorhees [8, 9] transformation can be used to generate a static axisymmetric spacetime which describes the field of a mass with a particular quadrupole moment. For any values of the quadrupole, the spacetime is characterized by the presence of naked singularities situated at a finite distance from the origin of coordinates. In this work, we are interested in analyzing the spacetime outside the outer naked singularity.
We perform an analysis of the motion of test particles (massive and non-massive) outside the naked singularity, comparing in all the cases our results with the corresponding situation in the Schwarzschild spacetime in order to establish the exact influence of the quadrupole on the parameters of the trajectories.
This paper is organized as follows. In Sec. II, we present the q−metric and investigate its main physical properties. It is shown that it can be used to describe the exterior gravitational field of a mass distribution with quadrupole moment. Moreover, we prove that the corresponding spacetime is characterized by the presence of naked singularities. In Sec.
III, we derive the geodesic equations in general and study numerically the conditions under which motion is allowed. Sec. IV is devoted to the study of circular and non-circular equatorial geodesics. We show that the geometric configuration of an accretion disk located around a naked singularity depends explicitly on the value of the quadrupole in a such a way that it is always possible to distinguish between a Schwarzschild black hole and a naked singularity. This effect was found previously in the field of naked singularities with electric charge [10, 11] . Furthermore, in Sec. V, we study the influence of the quadrupole on the behavior of radial timelike and null geodesics. Finally, in Sec. VI, we discuss our results and comment on possible future works.
II. THE q−METRIC
In 1917 [12] , it was shown that the most general static axisymmetric asymptotically flat solution of Einstein's vacuum equations is represented by the Weyl class. In terms of multipole moments, the simplest static solution contained in the Weyl class is the Schwarzschild metric which is the only one that possesses a mass monopole moment only. From a physical point of view, the next interesting solution should describe the exterior field of a mass with quadrupole moment. In this case, it is possible to find a large number of exact solutions with the same quadrupole (see [13] and the references cited therein) that differ only in the set of higher multipoles. A common characteristic of the solutions with quadrupole is that their explicit form is rather cumbersome, making them difficult to be handled analytically [14] . An alternative exact solution was presented by one of us in [15] by applying on the Schwarzschild metric a Zipoy-Voorhees transformation with parameter δ = 1 + q, where q represents the quadrupole parameter. In spherical coordinates, the resulting metric can be written in a compact and simple form as
In the literature, this solution is known as the δ−metric or as the γ−metric for notational reasons [16] . We propose to use the term quadrupole metric (q−metric) to emphasize the role of the parameter q which determines the quadrupole moment, as we will see below.
The q−metric is an axially symmetric exact vacuum solution that reduces to the spherically symmetric Schwarzschild metric only for q → 0. It is asymptotically flat for any finite values of the parameters m and q. Moreover, in the limiting case m → 0 it can be shown that, independently of the value of q, there exists a coordinate transformation that transforms the resulting metric into the Minkowski solution. This last property is important from a physical point of view because it means that the parameter q is related to a genuine mass distribution.
An important quantity that characterizes the physical properties of any exact solution is the Arnowitt-Deser-Misner (ADM) mass. If one tries to use the common formula [17, 18] for calculating the ADM mass, one would obtain incorrect results because these formula are adapted to a particular coordinate system. Therefore, we perform here a detailed calculation of the ADM mass, using the original approach. All the details are given in the Appendix.
In the case of the q−metric (1), the final result is simply
It follows that if we take the parameter m as positive, the parameter q must satisfy the condition q > −1 in order for the ADM mass to be positive. Nevertheless, one can choose a negative m so that for q < −1 the mass is still positive. For the sake of simplicity we assume from now on that m is positive.
We also calculate the multipole moments of the q−metric by using the invariant definition proposed by Geroch [19] . The lowest mass multipole moments M n , n = 0, 1, . . . are given by
whereas higher moments are proportional to mq and can be completely rewritten in terms of M 0 and M 2 . This means that the arbitrary parameters m and q determine the mass and quadrupole which are the only independent multipole moments of the solution. In the limiting case q = 0 only the monopole M 0 = m survives, as in the Schwarzschild spacetime.
In the limit m → 0, with q = 0, and q → −1, with m = 0, all multipoles vanish identically, implying that no mass distribution is present and the spacetime must be flat. Furthermore, notice that all odd multipole moments are zero because the solution possesses an additional reflection symmetry with respect to the equatorial plane θ = π/2.
We conclude that the above metric describes the exterior gravitational field of a static deformed mass. The deformation is described by the quadrupole moment M 2 which is positive for a prolate mass distribution and negative for an oblate one. Notice that the condition q > −1 must be satisfied in order to avoid the appearance of a negative total mass M 0 . Therefore, in the interval q ∈ (−1, 0) the q−metric describes a prolate mass distribution and in the interval (0, ∞) an oblate one.
To investigate the structure of possible curvature singularities, we consider the Kretschmann scalar K = R µνλτ R µνλτ . A straightforward computation leads to
with In the limiting case q = 0, we obtain the Schwarzschild value K = 48m 2 /r 6 with the only singularity situated at the origin of coordinates r → 0. In general, we can see that the singularity at the origin, which occurs at r 4(2+2q+q 2 ) = 0, is present for all real values of q.
Moreover, an additional singularity appears at the radius r = 2m which, according to the form of the metric (1), is also a horizon in the sense that the norm of the timelike Killing vector vanishes at that radius. Outside the hypersurface r = 2m no additional horizon exists, indicating that the singularities situated at the origin and at r = 2m are naked. In addition, a curvature singularity occurs at the surface determined by the equation
under the condition that the value of the quadrupole parameter is within the interval q ∈ (−1, −1 + 3/2]\{0}. We conclude that the main consequence of the existence of a quadrupole determined by the parameter q is that the Schwarzschild horizon becomes a naked singularity. The geometric structure of the curvature singularities of the q−metric is illustrated in Fig. 1 .
Several physical properties of the q−metric have been investigated in the literature (see, for instance, [15, 16, [20] [21] [22] [23] [24] [25] [26] and references therein). In this work, we are interested in continuing the analysis of the corresponding gravitational field as observed by exterior test particles.
III. GEODESIC MOTION
Consider the trajectory x α (τ ) of a test particle with 4-velocity u α = dx α /dτ =ẋ α . The moment p α = µẋ α of the particle can be normalized so that
where ǫ = 0, 1, −1 for null, timelike, and spacelike curves, respectively [10] . For the q−metric we obtain from (7) that
where
and we have used the expression for the energy E = µẼ and the angular moment l = µl of the test particle which are constants of motion
associated with the Killing vector fields ξ t = ∂ t and ξ ϕ = ∂ ϕ , respectively. For the sake of simplicity we set µ = 1 so thatẼ = E andl = l.
In addition, the equation for the acceleration along the polar angle can be expressed as
From this equation it follows that the accelerationθ depends on the polar angle. Consider for instance the motion around the central object with initial valuesṙ =θ = 0 andφ = 0.
Then, Eq.(12) reduces to
It then follows that the only places at which the acceleration vanishes are θ = 0 and θ = π/2,
showing that the polar and equatorial planes are geodesic planes at which the investigation of the test particle motion can be considerably simplified due to the symmetry of the configuration. For all the remaining values of θ, there is always a non-zero value of the acceleration that induces a velocity in the direction of θ towards the equatorial plane or the poles.
Equation (8) can be considered as describing the motion along the radial coordinate in terms of the "effective potential" Φ 2 . However, the velocityθ enters the expression for Φ 2 explicitly so that strictly speaking it is not a potential. Nevertheless, its dependence on the coordinates can shed some light on the behavior of the geodesics for particular values ofθ.
In Fig. 2 , we plot the behavior of Φ 2 for a particular initial velocityθ = 1 and different values of the q parameter. We see that at the singularity r = 2m the behavior of the potential drastically depends on the value of q. Indeed, for positive values of q the potential either tends to infinity near the singularity or crosses it and becomes divergent inside the singularity. Instead, if q is negative, the potential tends to infinity as the singularity is approached from outside. In the case of vanishing quadrupole, the singularity turns into a horizon and the potential crosses it until it becomes infinity near the central singularity located at the origin of coordinates.
An interesting particular case of the geodesic motion is that of circular orbits and their stability. The geodesic equation in this case is given as in Eq. (8) 
whose solutions strongly depend on the value of the velocityθ. In fact, the condition for circular orbits can be expressed aṡ
We perform a numerical investigation of this condition for a particular radius and different values of the quadrupole parameter in Fig. 3 . If we consider, for instance, the case of a circular orbit with radius r = 2.35m, we can see that such a motion is not possible for arbitrary values of q and θ. In fact, for most negative values of q no circular orbit with this radius is allowed, becauseθ 2 is negative for all values of θ. Instead, for all positive values The study of the stability of circular orbits is important to establish the possibility of having accretion disks around the central gravitational source. In particular, the radius of the last stable circular orbit determines the inner radius of the accretion disk, and corresponds to an inflection point of the potential, i.e., the point where the conditions ∂Φ 2 /∂r = 0 and ∂ 2 Φ 2 /∂r 2 = 0 are satisfied. We use these two conditions to find the explicit values of l 2 anḋ θ 2 for the last stable circular orbit and obtain
anḋ
In the limiting case of the Schwarzschild spacetime (q = 0), due to the spherical symmetry we can setθ lsco = 0 and so we obtain the value r The motion of test particles for arbitrary values ofθ and θ can be investigated by performing a numerical integration of the geodesic equations (8)- (12) . Several cases must be considered, depending on the initial velocityθ and the initial plane θ. This requires a detailed numerical analysis in which several aspects must be considered like the stability of the trajectories and the appearance of chaotic motion. We will present these results elsewhere.
In this work, we will focus on the analytic investigation of the most important families of geodesics of the q− metric.
IV. EQUATORIAL GEODESICS
As mentioned above the equatorial plane θ = π/2 is a geodesic plane due to the symmetry of the gravitational source. In this case, the geodesic equations reduce tȯ
To investigate the behavior of the geodesics it is convenient to introduce the new coordinate u = 1/r and use the azimuthal angle ϕ instead of the affine parameter τ so that
Then, the geodesic equation (21) can be expressed as
The properties of the geodesic motion are then determined by the function F (u, q) which must be positive for the velocity to be a real valued function. Furthermore, the zeros of F (u, q) are the points where the radial velocity vanishes, i.e., the perihelion or aphelion distance in the case of bounded orbits. In turn, the behavior of F (u, q) can be explored by comparison with the function f (u) which is defined as
This means that the function f (u) determines the behavior of the geodesics in the case of the Schwarzschild spacetime and, consequently, a comparison between F (u, q) and f (u)
will determine the main differences between geodesics of the q−metric and those of the Schwarzschild spacetime. It is easy to show that in the interval u ∈ 0,
i.e., in the spatial region located between the outer singularity (r = 2m) and infinity. This behavior is illustrated in Fig. 5 . This simple observation leads to an interesting physical result. Suppose that the zeros of f (u) are u 1 and u 2 with u 1 < u 2 so that the trajectory is bounded between r 1 = 1/u 1 and r 2 = 1/u 2 ; consequently, the perihelion distance is r 2 < r 1 . Suppose that the value of q is so chosen that F (u, q) has also two zeros at u
Then, from the behavior of F (u, q) (cf. Fig. 5 ) we conclude that
This means that the perihelion distance for positive q is greater that the one for vanishing quadrupole. A similar analysis shows that the perihelion distance decreases for negative values of the quadrupole. We conclude that the presence of the quadrupole in the q−metric leads to a change of the perihelion distance, an effect that has been predicted also for other metrics with quadrupole moment [14, 27] . Some examples of geodesics for different values of the quadrupole parameter are given in Figs. 6-8, where for simplicity the radial coordinate has been redefined as r/m for all the trajectories.
In Fig. 6 , we consider unbounded Schwarzschild orbits with non-vanishing initial radial velocities under the influence of the quadrupole. We see that for the chosen initial radial and angular velocities all the test particles are able to escape from the gravitational field of the naked singularity. The value of the quadrupole determines only the direction along which the particle escapes towards infinity.
In Fig. 7 , we investigate how the quadrupole acts on unbounded Schwarzschild orbits with zero initial radial velocity. First, we study the change of a stable circular Schwarzschild However, it can drastically modify the geometric structure of the trajectory.
In general, we see that the quadrupole of the naked singularity always affects the motion of test particles. The specific change can manifest itself in different ways, depending on the explicit value of the quadrupole. 
A. Circular orbits
Circular orbits on the equatorial plane can be investigated analytically. In fact, in this case the motion under the conditionṙ = 0 is equivalent to the motion of a test particle in the effective potential [cf. Eq.(21)]
The presence of the quadrupole parameter influences the behavior of the effective potential, as can be seen in Fig. 9 . The effective potential of the Schwarzschild is also shown for comparison. For positive values of q the value of the effective potential at a given point outside the outer singularity is always less than the Schwarzschild value. For negative values of the quadrupole the opposite is true. This indicates that the distribution of circular orbits on the equator of the q−metric can be modified drastically by the quadrupole. We will now explore this point in detail.
The explicit value of the angular momentum of a test particle along a circular orbit can be derived from the condition ∂V condition is satisfied if the angular momentum is given by
an expression from which it follows immediately that the radius of any circular orbit must satisfy the condition r c > m(3 + 2q) .
This radius is greater than the Schwarzschild radius for a positive quadrupole parameter.
However, for negative values of q the radius is smaller than the Schwarzschild value and, in principle, can be made as close as possible to the outer singularity located at r = 2m. Below we will show that in the limiting case r c = m(3 + 2q), the orbit becomes lightlike.
Furthermore, the energy of a test particle in circular motion can be expressed as
which is positive only within the range of allowed radii (30) . To completely characterize the parameters of circular orbits, we also calculate their angular velocity Ω(r) and period T (r) and obtain
respectively.
B. Stability analysis
We now analyze the stability properties of the circular motion. In particular the last stable circular orbit is determined by the inflection points of the effective potential (28), i.e., by the zeros of the equation
where we have replaced the value for the angular momentum of the circular orbit (29) . Then, we obtain the radii 
The interesting fact in this case is that there exists an additional stable region located between the outer singularity and r − lsco (cf. Fig. 10 ) which is separated by the unstable region (r − lsco , r + lsco ) from the exterior stable region with r ≥ r + lsco . An accretion disk around such an object would consist of an external disk which can extend from r + lsco to infinity and an internal ring located inside the region (2m, m+3m/ √ 5 ≈ 2.34m), where the outer boundary corresponds to the point where r + lsco = r − lsco . Since the internal stable ring is located so close to the outer singularity one could imagine that the angular momentum of the test particles should be very high in order to maintain the orbit. A detailed analysis, however, shows that this is not true. In Fig. 11 , we plot the value of the angular momentum as a function of the radial distance for a particular quadrupole parameter which allows the existence of an internal ring. We can see that the maximum value of the angular momentum is reached on the external boundary of the ring and then it decreases as the singularity is approached.
The explicit value of the angular momentum is not high and in fact it is comparable with the values for test particles located inside the external stable disk at distances of several times m. The peculiarity of the angular momentum is that its value decreases as the singularity is approached, an effect that contradicts the physical expectations for an attractive gravitational field. The only possible explanation for this unusual behavior is that there is an additional force that compensates the gravitational attraction. Similar effects has been found in the gravitational field of other naked singularities and have been interpreted as a manifestation of repulsive gravity [10, 11, 28, 29 ]. An alternative approach in which repulsive gravity is defined in terms of curvature invariants leads to similar results [30, 31] .
In the interval III, with q ∈ (−1 + 1/ √ 5, −1), there are no last stable orbits. All the circular trajectories are allowed, in principle, starting at the outer singularity r = 2m.
An analysis of the angular momentum shows that it diminishes as the naked singularity is approached. Again, the simplest explanation is to assume the presence of repulsive gravity.
An accretion disk around this type of naked singularities would have a continuous structure which extends from the singularity to infinity.
C. Circular null geodesics
In the case of null geodesics (ǫ = 0), the effective potential (28) reduces to
and its behavior for a given l 2 is similar to that shown in Fig. 9 . The important quantities for the analysis of circular motion of photons are
and
The first derivative vanishes for r = r γ = m(3 + 2q), an expression which reduces to the standard Schwarzschild value for q = 0, as expected. We see that the circular orbit located at r γ = m(3 + 2q) corresponds to the trajectory of a photon. This is also the limiting radius for timelike circular geodesics, as explained above.
By inserting this radius value into the second derivative of the effective potential, we obtain an expression which is negative for all values of q. This implies that the circular orbit with radius r γ = m(3 + 2q) is unstable, independently of the value of the angular momentum. In contrast to the Schwarzschild spacetime, where there is only one circular orbit with r γ = 3m, in the case of the q−metric the radius r γ = m(3 + 2q) can take any value within the interval (2m, ∞), depending on the value of the quadrupole parameter.
Nevertheless, for fixed values of m and q only one circular orbit is allowed.
V. RADIAL GEODESICS
In the Schwarzschild spacetime, radial geodesics representing the free fall of test particles are straight lines that connect the initial point in spacetime with the singularity located at the origin of coordinates. Therefore, it is useful to study radial geodesics in the spacetime described by the q−metric in order to evaluate the influence of the quadrupole. We will consider the free fall of test particles with vanishing angular momentum (l = 0). Then, the motion along the radial coordinate is governed by the equatioṅ
where the minus sign indicates that the particle falls inward and
In addition, we must take into account that an arbitrary polar plane (θ =const) is not necessarily a geodesic plane. This means that the radial geodesic is determined by Eq. (40) together with the equation (12) for the evolution along the angle θ. We illustrate the result of the integration of these two differential equations in Fig. 12 . The effect of the quadrupole parameter q becomes plausible from the behavior of the geodesics. For sources with negative quadrupole parameter (prolate sources), the geodesics deviate from the initial
towards the axis of symmetry. In the case of positive quadrupole q (oblate body), the deviation is towards the equatorial plane of source. This result is in accordance with our physical expectations. Indeed, an oblate source is larger on the equatorial plane and so one would expect that the mass density is larger on the equator, generating a larger gravitational interaction. In the case of prolate bodies, the same intuitive reasoning is valid for the symmetry axis. This result reinforces our interpretation of the parameter q as determining the quadrupole moment of the gravitational source.
In the case of radial geodesics, it is interesting to compute the coordinate time, t, and the proper time, τ , that passes along the trajectory of a test mass between two radii r i and r f . For simplicity, we consider the case of radial geodesics on the equatorial plane where the geodesic equations reduce tȯ
It is then easy to obtain the relationships
for the proper time and coordinate time, respectively. Let us consider the case of a particle located initially at r i → ∞ so that E 2 = 1. If the final state is at the singularity r f = 2m, we obtain
It is not possible to find an analytical expression for this integral. Nevertheless, one can evaluate it either numerically or by means of a Taylor expansion around the value q = 0 and r = 2m. As a result we obtain that the proper time is finite for all the allowed values of q.
The same result is obtained for the Schwarzschild spacetime (q = 0). This results indicates that the quadrupole does not affect the finiteness of the proper time that is necessary to reach the hypersurface r = 2m.
In a similar manner, for the coordinate time we obtain
.
Again, a Taylor expansion of this quantity reveals that it is finite for q < 0 and infinite for q ≥ 0. This means that a positive quadrupole does not change the main property of the coordinate time of the Schwarzschild spacetime. However, in the case of negative quadrupole the coordinate time completely changes so that an observer at infinity would observe how the test particle reaches the outer singularity located at r = 2m.
Let us now consider the radial motion of photons. Suppose that a photon is emitted at a radius r em with frequency ν em and received at a radius r rec with frequency ν rec . Then, the redshit z in a static spacetime is determined by the relationship [17] 
If the emission occurs near the outer singularity (r em ∼ 2m), the redshift diverges, independently of the value of q. This means that for an observer located outside the radius r = 2m, it is not possible to receive information from the singularity. In this sense, the singularity remains invisible for external observers.
VI. CONCLUSIONS
In this work, we investigated the motion of test particles in the gravitational field described by the q−metric, the simplest generalization of the Schwarzschild metric which contains a quadrupole parameter. It was shown that the q−spacetime possesses two singularities at r = 0 and r = 2m which are not covered by a horizon, i.e., they are not isolated from the exterior spacetime. For certain values of the parameter q, a third θ−dependent singularity appears inside the spatial region contained within the radial interval (0, 2m). If we limit ourselves to the region with r > 2m, the geodesic equations determine the motion of test particles around the naked singularity located at r = 2m. First, we studied the bounded motion on an arbitrary polar plane θ = 0, π/2 and showed that in general the plane of the orbit moves towards the equator or to the axis of symmetry, depending on the value of the quadrupole. We performed a brief analysis of the conditions under which circular orbits are allowed for arbitrary values of the polar angle θ, the angular momentum of the particle and the quadrupole parameter.
We studied in detail the motion on the equatorial plane θ = π/2. We integrated numerically the geodesics equations and found bounded and unbounded orbits for different values of the quadrupole. It was also shown explicitly that the presence of the quadrupole leads to a change of the perihelion distance of a bounded orbit. This effect could in principle be used to determine the quadrupole moment of the gravitational source.
The analysis of circular orbits and their stability leads to a classification of naked singularities according to which in certain cases it is possible to determine the quadrupole parameter by measuring the inner radius of the accretion disks made of test particles only. Suppose, for instance, that an accretion disk is detected with inner radius r inner within the interval (3m, ∞). Then, the naked singularity is of type III with a quadrupole parameter that can be determined numerically by using the formula r inner = m(4 + 3q + 5q 2 + 10q + 4) and the result must be a value contained within the interval q ∈ (−0.5, ∞). If the value of the accretion disk inner radius is inside the interval (2.34m, 3m), the naked singularity belongs to the class II, and the quadrupole parameter can be determined again from the formula r inner = m(4 + 3q + 5q 2 + 10q + 4). In this case, the quadrupole parameter must be contained within the interval (−0.5527, −0.5), and there must exist an additional inner ring located inside the spatial region (2m, 2.34m), whose exterior radius can be determined by the formula r ext = m(4 + 3q − 5q 2 + 10q + 4). Finally, if the inner disk radius is inside the interval (2m, 2.34m), the naked singularity is of class I with q ∈ (−1, −0.5527). In the case of class III and II naked singularities, it is possible to find the exact value of the quadrupole parameter by measuring the inner radius of the accretion disk. This is not true in the case of class I singularities, because all the circular orbits are stable in this region. However, if we could measure the radius and the angular momentum of a particular circular orbit located inside the region (2m, 2.34m), the quadrupole parameter could be determined by using the expression (29) for the angular momentum. In this manner, we see that it is always possible to determine the quadrupole parameter from the physical properties of the accretion disk.
The fact that in the gravitational field of naked singularities there exist circular orbits near the outer singularity is explained by assuming the presence of repulsive gravity.
The study of radial geodesics starting at an arbitrary polar angle θ shows that the quadrupole induces a deviation from the original radial direction in such a way that the test particles tends either towards the equator or to the axis of symmetry, depending on the value of the quadrupole. We also calculated the proper time and the coordinate time along radial geodesics on the equatorial plane and established the analogies and differences with respect to radial geodesics in the Schwarzschild spacetime.
Our results show that the presence of a quadrupole can drastically affect the motion of test particles in a such a way that it is possible to determine the quadrupole by studying the properties of the test particle trajectories. If we were to compare our results with observational data from astrophysical compact objects, we would immediately notice that an important astrophysical parameter is missing in our analysis, namely, the rotation. We expect to perform such an analysis in a future work by using a stationary generalization of the q−metric as, for instance, the one derived in [32] .
Here we used the fact that f kl h kl is a scalar field. In obtainging Eq. 
